1. Introduction. In this paper we study a population model suggested by Gurtin and MacCamy in their papers [8] [9] [10] . This model describes a single species growing in a multi-dimensional space. Let p(x, t, a) designate the population density of age a at time t and location x. Then the total population at time t and location x is given by r oo u(x, t)= p(x, t, a) da.
Jo (1.1)
The balance law of the population which includes diffusion and age-dependence is assumed to be Pt + Pa = div(/>Vw) -n{a, u)p, (1.2) where p. (a, u) is the death modulus. The notation div and V mean, respectively, divergence and gradient with respect to the space variable x only. The birth law is assumed to be poo p(x,t, 0) = / fi{a, u)p(x, t, a)da, (
3) Jo where ft (a, u) is the birth modulus. We are also given the initial distribution of the population density:
p(x, 0, a) = p0(x, a). It is well known (cf. [1] ) that if uo(x) ^ 0 has compact support, then in general the porous medium equation (1.9) with g(u) = 0 has no classical solutions. This motivates us to look for weak solutions for system (1.6)-(1.8).
To define a weak solution, we multiply (1.6) by p and (1.7) by u and then add them. This gives the following equation:
(up)t = di\(upVu) + [/?(«) -a-p(u)]up.
(1-10)
For any T > 0, let Qr = Rn x (0, T). Following [11] , we define a weak solution of Note that (1.11) is the weak formulation of (1.6) and (1.12) is the weak formulation of (1.10).
MacCamy [15] studied the above model in the one-dimensional space Rl under the assumption that fi(u) and fi(u) are constants. Among other things he proved that there exists a weak solution for problem (1.6)-(1.8). Hernandez [11, 13] extended this existence result to Rn for n > 3 with more general /?(w) and fi(u). He assumed however that the initial data u0 and pa are radially symmetric (and therefore the problem is essentially one dimensional). Hernandez also studied the regularity of solutions and the behavior of the interfaces for the radially symmetric case. The proof of Hernandez's existence theorem strongly depends on the fact that any radially symmetric solution of a porous medium equation such as (1.9) is y-Holder continuous for any 0 < y < 1 . Since this is no longer true for non-radially symmetric solutions (cf. [17] ), his proof cannot be generalized to arbitrary initial data.
In the present paper we study problem (1.6)-(1.8) in Rn with general initial data (not necessary radially symmetric). We show that under the assumptions (A1)-(A5) (see the next section) for f}(u), pt(u), and the initial data, there exists a weak solution for problem (1,6)-( 1.8) that is Holder continuous. We also show that the interface of the weak solution can be represented as the graph of a continuous function t = S(x). Finally we shall study the asymptotic behavior of weak solutions as t -► oo.
2. Existence and uniqueness of e-approximate solution. Throughout the paper, C(Qr) denotes the space of continuous functions u(x, t) in that have finite norms ||w||0 = sup|w(x, f)|. For 0 < y < 1, Cy(Qr) denotes the Banach space of all functions u(x, t), for which the y-norm
is finite, where d{(x, t), (y, s)) = (|x-y| +|f-s|)2 is the parabolic distance between two points (x, t) and (y,s) in Qr . C2+y (Qr) is the space of all functions u(x, t) for which the C2+,-norm \\u\\2+y = \\u\\y + \\ui\\y + f2\\ux]\y+ II\xjWy 1=1 1,j=1 is finite. We assume:
uQ has compact support;
p0 e C(Rn), uo e C2+y(Rn) for some 0 < y < 1;
H(s), P(s),-fi'{s), p'(s) are positive, continuous, and bounded in/?1.
We also assume that there exist some constants > 0, Ko > 0 such that
where To = d{uo > 0} is the interface of the initial datum uo . The assumptions (Al), (A2), and (A4) follow from the original model; on the other hand, assumptions (A3) and (A5) are made for technical reasons. We note that if a = 0, then G -u and p = 1 . Hence system (1.6)-(1.8) reduces to the Cauchy problem (1.6), (1.8) for u. Since this Cauchy problem has already been extensively studied in the literature, we shall only consider the case a > 0. Since uo(x) has compact support, equation (1.6) is a degenerate parabolic equation. We first "regularize" the problem by modifying the equations and the initial conditions. Let F{(x) be a nonnegative function in C°°(/?") with support in the unit ball and fRn Fl(x)dx = 1 ; let F2(t) be a nonnegative function in C°°(/?1) with support in the interval [0, 1] and fRi F2(t)dt = 1 . Set F(x, t) = F{(x)F2(t). For any e > 0 and p e L (Qr), set (Ff *p){x, t) '7^!LF{^-'-sr)p{y-sUydsNote that Fe* p e C°°(/?"+1). For fixed e > 0, if p 6 C(ClT), then the derivatives of Ft * p are bounded by AT(e)||p||0, where K(e) is a constant depending only on e . We now consider the following e-approximate problem to problem (1.6)-(1.8):
where e > 0, peQ(x) e C°°(R"), 0<^<1, and
In this section we shall prove existence and uniqueness of the e-approximate problem (2.1)-(2.4). x^t; x, t) = xti -1, 2,... , n. (2.6) Moreover, the characteristic curves x(t; x, t) defined by (2.5), (2.6) are differentiate with respect to all their arguments and satisfy dif-{', = elW-^u*l{x-nWlW
By a uniqueness theorem for ODE we conclude that fl■ -0, so that (2.7) holds. Next, taking the derivative with respect to 5c-in (2.5), we find that dxj/dxj satisfies d dxi t\^xi j, s=Ev"»'')s
from which we derive inequality (2.8) by using Gronwall's inequality. where Mx -sup \p{s) + /u(s)\. Proof. Let x(t\ x, t) be the characteristics defined by (2.5), (2.6). Suppose p is a solution for (2.4), (2.9) . Along each characteristic curve we have
Hence we obtain the expression for p : 10) where the integration is along the characteristic curve. This proves uniqueness. Next we use (2.10) to show existence. For the given u and p , define a function p by the right-hand side of (2.10). Since the characteristics x(t; x, t) are differentiable, p is differentiable. By directly computing the derivatives of p and using (2.7), we find that p satisfies equation (2.9). Since pi > 0, it follows from (2.10) that p(x, t) > 0.
If p >0, then obviously F * p > 0 and hence from (2.10) ['fi(u) * Jo p{x,i)<po(x{0-,x,t))exp{ I P{u)dt . M.l TM. < e ' < e 1.
For any positive constants T and B , set Jf^ = {(u,p): u e C2(Qr), p e C(£2r), ||w||2 < B, 0 < p < B).
We define a mapping sf : 
where x(t;x, t) are the characteristics. For any u,w e C2(Qr), ||w||2, ||w;||2 < K, ||m -w\\2 < 8, let x, y be the characteristic curves corresponding to u,w, respectively. From (2.5) we get |x(?; x, t) -y(t; Jc, f)| < | J~\Vu(x(t; x, t), t) -Vw(y(t; x, t), t)\dt < / \Vu(x(t', x, t), t) -Vu(y(t; x, t), t)\dt
J' |x(t; x, t)-y(t;x, t)|< t) | dt Using Gronwall's inequality, we find that | x{t\ x, t) -y(t; x, t)\ < 5Te , for 0 < t,t < T. Hence, the characteristics x(-; x, i) continuously depend on u. It is easy to see that Fe * p and its derivatives depend continuously on p . From the expression (2.10) and the standard theory for parabolic equations it follows that sf is continuous. Theorem 2.4. For the e-approximate problem (2.1)-(2.4), there exists a classical solution (ue,pe) in Qr that satisfies 0 < pe(x, t) < e™', e exp{-TMye™1) <ut{x,t)< M exp(TMxe™1), (2.12) for any (x, t) e Qr , where M = ||w0||2+j, • Proof. From Lemma 2.2 we know that for any (u, p) e , 0 < p < e™' , where (u, p) -sf(u, p). Hence \p(u)Ft * p -n(u)\ < Mxe™'. By the maximum principle we get e exp(-TMxe™') <u< M exp(TMle™').
Since Fe*p is bounded by IIpIIq, from -estimates for parabolic equations (cf. [14] ) and the Sobolev inequalities it follows that ||w||, is bounded by a constant depending only on Mx, T, and e . We now apply the Schauder-type estimates for parabolic equations to (2.11) to obtain m2+y ^ K^)(\\Fe *P\\y + ll""ll2+,) < *,(0 , (2.13) where Kx{t) is a constant which depends only on M, Mx, T, and e . We choose B = max{A^(e), e™'} . Then s/ maps 3?^ into itself. By Lemma 2.3, sf is continuous. To apply the Schauder fixed-point theorem we need to show that the image of sf is precompact in . Since any bounded subset in C2+y is precompact 2 - in C (Q.t) , it follows from (2.13) that the set of the first components of all elements
is precompact in C (Qr). It remains to show that the set of the second components of the image of j/ is precompact in C(Qr). To this end we compute the derivatives of p with respect to x}. From (2.10), we get
dXj dt.
Using (2.8) and the fact that
is bounded by \\p\\0, multiplying by a constant we arrive at |Vp| < K(e) and, by (2.9), y <m.
where K(e) stands for another constant depending only on e , B , and T. Hence the derivatives of p are bounded uniformly for any (u, p) e . It follows that the set {p : (u, p) = sf(u, p), for some (u, p) e and u e C"} is precompact. Now we can apply the Schauder fixed-point theorem to conclude that there exists a pair of functions (uc, pe) such that s/(ue, pe) = (ue, p6), which is clearly a solution of the e-approximate problem (2.1)-(2.4) satisfying (2.12).
Next we prove uniqueness.
Theorem 2.5. For any T > 0, the classical solution for the e-approximate problem (2.1)-(2.4) is unique in . Proof. Suppose we have two solutions (u,p) and (it,p) in QT. Since both satisfy (2.1), (2.2), by subtraction we obtain the equations (u -u)t -^A(w2 -it2) + hx(x, t)(u -it) + h2(x, t)Fe * (p -p), (2.14) (2.15)
From assumption (A4) and the fact that u, u e C2+y, p, p 6 C1 , one can see that all hi are bounded by a constant K(e , T). Integrating (2.15) along the characteristic curve (2.6), (2.7) corresponding to (u, p), we derive that for any 0 < r < T, By the L -estimates for the parabolic equation (2.14) and the Sobolev inequalities (cf. [6, 14] ), we obtain estimates for both \u-u\ and |Vm-Vm|. Substituting these into (2.16) yields supIp-pl <2zKx(e, T)sup\p~p\, (2.17) a n for some constants K{(e, T). Choosing x such that 2xK(e , T) < 1, inequality (2.17) leads to p(x, t) = p{x, t) inQt. By a uniqueness theorem for the parabolic equation (2.14), it follows that u = u in Q.x. We can repeat the above procedure step-by-step to get that p = p and u = u in Q.j. As before, we can show that for some B > 0, sfx maps into itself and is compact. Hence there exists a fixed point, which gives a solution for (2.1), (2.3), (2.4), and (2.18). Uniqueness follows from the same arguments we used to prove Theorem 2.5. We further observe that if (ue, p() is a solution for (2.1), (2.3), (2.4), and (2.18), then p] < Vue-Vpe + P(ue)F( */( 1 -pe).
Hence along the characteristics we have j-((pe ~ 1) <-fi(ue)(Fe *p){p -1).
Since pe0(x) < 1, it follows that pe(x, /) < 1.
Remark 2.8. If we introduce a new function q = ea'p, then problem (1.6)-(1.8) where g(u) = P(u)Ft*pt -n{u) and |if(w)| < M2, 0 < ue < , for some constants M2, Af3 independent of e . Multiplying (3.1) by u and integrating over Qr, we get j ffo eM(x)(u\x,t))tdxdt = ^ J J u2 diy('Vu2)dxdt + JJ g{u)^\u dx dt.
By integration by parts, the left-hand side of (3.3) is j JJa Z\{t)£,l{x)(u{x,t))tdxdt in Brx (S, T), for some K and y that are independent of e . Henc'e we can select a subsequence {ue } that converges uniformly in BRx (S, T). The limit function is also Holder continuous. In fact we have: Proof. By (3.6), for any integer k, there exists a subsequence {« t}~=1 that m converges uniformly to a function uk(x, t) in any compact subset of Bk x (% , T), where Bk is the ball in Rn centered at the origin with radius k. The limit uk is Holder continuous with constant K and exponent y depending on k. By the diagonal argument, we can select a subsequence {ue } that converges uniformly to a function u(x, t) in any compact subset of Rn x (0, T). Since 0 < p'm(x, t) < e™' , there exists a subsequence that converges weakly in L°° to a function p(x, t). Thus we have proved (2)-(4) and the second part of (1). Assertion (5) follows from v€(x,t) = e Ml'we(x,M2l( l-e Ml')), (3.9) v(x, t) = eM2'w(x, -1)) (3.10)
solve the Cauchy problems
v(x, 0) = uo(x) + e (3.12) and vt = div(wVv) + M2v , (3.13)
v(x, 0) = uo(x) + e, (3.14)
respectively. Using a standard comparison principle, we obtain v((x, t) < ue(x, t) < ve(x, t). with another (smaller) positive constant c. This shows that the parabolic equation (2.1) for ue(x, t) is nondegenerate in Br(x°) x [0, 7"). We can therefore apply the Schauder-type estimates for parabolic equations (cf. [6] ) to deduce (3.6) in Br{x°) x [0, T) with the constants independent of e . It follows that u(x, t) is Holder continuous at (x°, 0) if u0(x°) > 0. Suppose next that uo(x°) = 0. For any t > 0 we have M t u(x, t) = lim u (x, t) < e 2 lim w (x, t). Note that if pt converges to p weakly, then F *p' converges weakly to p. Therefore Theorem 3.3 implies that we can pass to the limit through the above integrals as em -► 0. It follows that (1.11) is valid for (u,p). Hence u(x, t) is a weak solution of (3.1), (3.2) with e = 0, where g(u) = P(u)p -n(u). To show that (1.12) is also valid, it suffices to show that Vu2(x,t)->Vu2(x,t) a.e. and its boundary r = dQ+.
We first show that (3.16) holds in . is nondegenerate, by //-estimates and the Sobolev inequalities we know that ||we||1+y is bounded. We can therefore select a subsequence that converges to u(x, t) in the C1+/ -norm for any 0 < / < y in any compact subset of £2^ .
Next we shall show that (3.16) holds in ClT \ . Proof. It is well known (cf. [3] ) that the solution of the porous medium equation (3.7)-(3.8) with e = 0 has compact support in space and supp w(-, t) increases with t. Hence by (3.15) Q' is bounded for any t. We first show that Q' is also increasing with t.
Let (x°, t°) G , u(x° , t°) = rj > 0. By Holder continuity we know that w(x, t) > V(x, t) = -r ^->0, for |x -_x°| < r, t > 0. (3.19) 2 nt + B Let v(x, t) be the solution of (3.11) with the initial data v(x, 0) = u(x, t°).
As before (cf. (3.9) and (3.15)), v(x, t) < u(x, t + t°) and we can express v(x, t) explicitly by v(x, t) = e~Mltw{x, M2 '(1 -e Hence by (3.19) we get u(x, 14-/°) > 0, for |x -x°| < r, t > 0. This implies that (x°, t + t°) e £2^, and hence Q' is increasing in t.
Next we want to show that Q' is strictly increasing, i.e., Q' D QT whenever t > t . Indeed, otherwise T will contain a line segment {(x°, t) : t' < t < t") for some t" > t' > 0 and x° e Rn . Since Q' is increasing, we may assume that either t' = 0 or else t' > 0 and (x°, t' -s) & T for any e > 0. We show that the case t' > 0 cannot happen.
Suppose that there exist t" > t' > 0 such that {(jto, t) : t' < t < t"} C T and (x° ,t)$.T for any 0 < t < t'. Let a = t" -t' > 0 . It is easy to see that there exists a positive constant d satisfying I > 28 and On the other hand, (3.20) implies that for any t satisfying
M~\eMld -1) < r < M~l(eMl{S+a) -1), (3.22) we can find an x e Rn which could be arbitrarily close to x° such that w(x, x) > 0. Now by the choice of S , the intersection of intervals (3.21) and (3.22) is the interval M~\eMl& -1) < r < M~\\-e~Ml(S+a]) (3.23) which is nonempty. Hence the line segment {(x°, t) : x satisfies (3.23)} lies in the interface d{w(x, t) > 0} for w . By the well-known results for porous medium equations (cf. Theorem 4.1 in [2]), we conclude {(x° ,t): 0 < t < M~\ 1 -e~M'(S+a))} c d{w(x, t) > 0}.
Using (3.20) and the same arguments as above, we conclude that there exists a t" > 0 such that {(x°, t): 0 < t < t'"} c T, a contradiction to the assumption on t'. We have known that if Y contains a line segment, then it must contain an interval {(x°, t) : 0 < t < t") for some x°, t" . For the solution w of the porous medium equation (3.7), (3.8) (e = 0), we know from [3] that Sl'w D Q°w for t > 0 (here we need to use the assumption (A5)), where Q.'w stands for the region {x e Rn :
w(x, t) > 0}. Therefore, by (3.20) (t° = 0), we can easily verify that O! d Q°, for small t > 0. Hence, in fact V cannot contain any line segments. We have thus proved that Q' is strictly increasing in the sense that ft'd fiT if t > x .
For any x e Rn , the line segment {(x, t) : 0 < t < T} intersects T in at most one point. Therefore, there exists a function S(x) such that T = {(x, 5(x)}. Since r contains no vertical line segments and w(x, t) is continuous, the function S(x) is actually continuous.
Having proved (3.16), we can pass to the limit through integral (1.12) to get a weak solution in ftr for any T > 0. By Corollary 2.6 and the diagonal argument, this solution can be extended to all time t > 0. We conclude this section by the following existence theorem: To interpret these results, we suppose for simplicity that the birth modulus /? and the death modulus n are constants. If the difference fi -n is less than a, then the population will eventually disappear; whereas if this difference /? -p is greater than a (and po(x) > co > 0), then the population will spead over everywhere and go to infinity.
To prove the theorems, we need the following lemma: By comparison, V(x, t) > eS'w°(x, S X(eSt-\)).
Hence for any x e Rn , V(x, t) -> oo as / -► oo. Furthermore, the convergence is uniform in any compact subset of R". Therefore, if g(u) > S > 0, u(x, t) will approach oo at a rate faster than eSt, and Q' -+ Rn as / -+ oo.
Next we assume g(u) < -8 < 0. In this case we can take X large enough such that uo(x) < wo(x, 0). Similarly we derive the inequality u(x,t)<e S'w°(x,S '(l-e s')).
Hence, u(x, t) -> 0 as t -♦ oo, and there exists a ball Br(0) such that Q' c Br ( 0) for any t > 0. We next prove assertion (1) . Choose c2 such that a2 < c2 < bx. Since po{x) < 1, we may assume that pe0{x) was selected such that there exists a positive constant rjj < 1 (depending on e ) satisfying p'Q < tjx ■ Consider the following Cauchy problem for the ODE: (g -e ) < -pFt * q e (q -e ).
Hence qe(t) < eat. It follows that (qt)' > 0. Therefore, 1 < qe(t) for any t > 0. Since qe(t) is increasing and Fe(x, t) = 0 for / < 0, we find that (Fe*qe)(t) < qe(t).
Hence (Qe)'<me)( \-e~atqt)q\
To estimate the upper bound of qe, we make the substitution r(t) = qe (t)e~at. Then r(t) satisfies r < -a]r -P(ut)r2.
Integrating the above differential inequality, we get r(t) < exP^f 1+ J /?(wf)exp(^j (P-a)dt^dt Hence for any />0, r(t) < 1. If we take T = (P{-a)~'[logc2(l -a2)-log(c2-a2)], then r(t) < c2 when t > T. Therefore, we obtain qe(t) < eat for t > 0 and Qe(t) < c2eat for t > T.
We now compare («e, qe) with (ue, qe), the e-approximate solution constructed in Remark 2.8. By subtraction, we get ("e -fie)/ = 5A("f ~ "e) + ^(Me)"£e_Q'jFe * (?' -<7£) + MX' 0("e ~"f), (4 
Jo
Hence (recall that < 1) there exists a tQ > 0 such that qe{x, t) < 1 < qe(t) for t < tQ, x e R" .
We now claim that qt (x, t) < qt(t) for all t > 0. Indeed, otherwise there exists a maximal to> 0 such that the inequality qe (x, t) < qe(t) holds for all t < to but not for t < ta + S for any 8 > 0. From (4.6) we derive that in Rn x (0, tQ), (11 4- ii }/\( ii -ii \ -t-X! I ii -A-ii \ • X7 (11 -ii \ A-k (11 (Me -K)t ^ UUe + "e)A("e -fl£) + VK + "J ' VK ~ "J + ~ fi«)'
where k5 -kl+A(ue+ue)/2 is bounded in i?"x(0, t0). By the maximum principle, (wf -ue) < 0. Let tj2 > 0 be a constant such that k5 > -rj2. Then the function w = (ue -uje^2' + j satisfies < ^(«e + ue)Aw -(-V(we + ue) ■ Vw.
It follows from the maximum principle that (we -ue)(x. t) < <-t]3 in Rn x (0, ,
where t]3 is another positive constant. Since k2, k3 > 0, along the characteristics we get from (4.7)
-Qe) < ~ri3k3 + k4(qe -qe).
Hence ^ ^ (
<?e -<?e) < -^3 exP^ J k3exp^-J k^dt^jdt.
Since qe(t) < eat for / > 0, we get k3 > 0. It follows that there exists another positive constant tj4 such that q\x, t) -qe(t) <-r\4 in Rn x {\t0 , t0).
Since (from (4.7)) along the characteristic curve d(qe -qe)/dt is bounded by a constant independent of x e Rn and t < 2to, there exists a tl > ta such that q{x, t) < qe{t) for t < tl. This is a contradiction to our assumption on t0. Therefore, for all (x, t) e R" x [T, +oo), we have qe(x, t) < qe(t) < c2eat. Note that the constant T is independent of e . Letting e -* 0, we get, for t > T, g(u) = (3{u)q{x, t)e~at -n{u) < (c2-&,)/?, <0.
The assertion (1) follows from Lemma 4.3.
